The paper on betweenness published by E. V. Huntington and J. R. Kline in 1917 started with a basic list of twelve postulates:
Eight of these sets contain six postulates each, and three contain seven postulates each.t
In-the present paper a new postulate, called postulate 9, is added to the basic list. This new postulate leads to a twelfth. set of independent postulates: (12) A, B, C, D, 9, in which the number of postulates is reduced to five. Moreover, the new postulate 9 itself is easier to remember and more convenient to handle than any of the other postulates 1-8.
The addition of this new postulate makes desirable an extension of the discussion of the earlier paper so as to include all thirteen of the basic postulates; and this extension has been made in the present paper.
Finally, the postulates of the new set (12) are shown to be completely independent in the sense of E. H. The new postulate 9 may be read as follows : If ABC is true, and if X is any fourth element distinct from A and B and C, then X must lie either on the right of the middle element (giving ABX), or else on the left of the middle element (giving XBC).
In regard to certain peculiarities of postulates 5 and 8, see under
Theorem 5 k, below.
Theorems on deducirility
Besides the 71 theorems on deducibility which were stated and proved in the earlier paper, there are found to be 45 new theorems involving the new postulate 9. The proofs of these new theorems are given below, and the complete list of 116 theorems is set forth in Table I '.
The following proofs are supplementary to those given in the earlier paper. In each proof, the number of times that any postulate is used is indicated by an exponent.
Theorem 1 e. Proof of 1 from A, C, 9. It is interesting to notice, however, that no one of these four forms is a significant statement, unless one part of the hypothesis is recognized specifically as the "first part" and the other as the "second part" -a distinction which, strictly speaking, introduces a foreign element into the statement of the proposition.
In order to avoid the necessity of making this arbitrary distinction between the "first" and the "second" term of a pair connected by a simple "and", we may restate postulate 5 in the following less objectionable form:
5'. AXB. AYB : D : (AXY-YXB). (AYX -XYB).
This should not be regarded as merely a combination of two of the separate statements mentioned above, since, without employing the distinction between "first" and "second", we cannot tell which part of the hypothesis is supposed to be paired with which part of the conclusion. It is only when the statement (5') is taken as a whole that it can be translated into significant words, without using the distinction between the "first" and "second" parts of the simple conjunction which forms the hypothesis.
Thus, 5' may be read as follows: "The two triads in the hypothesis contain the same initial element, A, and the same terminal element, B, but different middle elements, X and 7(which we may call the "odd elements"). The conclusion also consists of two parts. One part says that at least one of the following triads is true:
(A) (one odd) (the other odd) or (the other odd) (the one odd) (B); the other part says that at least one of the following is true:
(A) (the other odd) (the one odd) or (the one odd) (the other odd) (B)." Now neither of these parts alone gives us any definite information unless we are able to recognize the "one" as X and the "other" as 7 (or vice versa) ; but the two parts together give an unequivocal conclusion whether the "one" = Xand the "other" = 7, or the "one" = Fand the "other" = X.
Precisely the same remarks apply to postulate 8, which may be re-stated more strictly as follows:
8'. XAB . YAB : 0 : (XYA -YXB). (YXA -XYB).
Fortunately, these logical refinements do not affect the essential reasoning, provided the precaution already stated in the footnote on page 318 of the earlier paper is observed. Hence, in any case, by A, CAB -ACB, both of which conflict with AJ5C, by C and A. Therefore ABX -XBC. Therefore ABX-XBC.
These 45 new theorems, together with the 71 theorems proved in the earlier paper, complete the list of 116 theorems on deducibility among the thirteen postulates of our revised basic list.
The results are collected for reference in Table I '. Examples of pseudo-betweenness. In order to prove that no other theorems on deducibility are possible except those stated above, we first exhibit 54 examples of pseudo-betweenness, that is, 54 examples of systems K, R, which have some but not all of the properties mentioned in our basic list.
Of these examples, 37 were given in the earlier paper, and 17 are new. In the table following, the numbering of the examples is so arranged as to avoid conflict with the numbering in the earlier paper. (It will be noted that seven examples of the old list, namely, 17, 22, 25, 27, 31, 34, 35 , are now omitted, being no longer needed, in view of certain of the new examples.)
In the case of each example, the postulates which are satisfied are mentioned explicitly, while the postulates which are not satisfied are indicated by a minus sign.
The new examples are as follows (the class K consisting of four elements, 1, 2, 3, 4, and the triads explicitly listed in each case being the only triads for which the relation R is supposed to be true): Table II 6.5 6.6 6.13 9.7 9.8 1.5 3.8 6.12, 6.10, 8.9 9.4 4.3 8.13
8.12 7.9, 8.15 Many of these lemmas were given in the earlier paper; but the new lemmas made necessary by the introduction of postulate 9 so often include certain of the old lemmas, that it is convenient to write out the whole list afresh, using a decimal notation instead of the letters of the alphabet, to avoid all possible confusion. This is done in Table HI', above.
It will be noticed that postulate D plays a peculiar rôle. Although it is strictly independent and therefore cannot be omitted, yet it is not used in proving any of the theorems on deducibility, and it may always be made to hold or fail without affecting the holding or failing of any other postulate. It may therefore be called not only independent but altogether "detached".
Complete independence of postulates A, B, C, D, 9 To establish the complete independence* of the five postulates A, B, C, D, 9, we exhibit 25 = 32 examples, which we number 000-031 inclusive, in Table IV 
Example 000 shows that the five postulates are consistent. Examples 001-005 show that the five postulates are independent in the ordinary sense; that is, no one of them is deducible from the other four. The theory of betweenness (that is, the order of points along a straight line, without distinction of sense along the line), is closely related to the theory of cyclic order (that is, the order of points on a closed curve with a definite sense around the curve).* Betweenness is characterized by the completely independent postulates A, B, C, D, 9; cyclic ordert by the completely independent postulates E, B, C, D, 9.
The postulates B, C, D, 9 hold true in both theories, while postulates A and E differ only by the interchange of two letters; thus:
Postulate A (for betweenness). If ABC, then CBA.
Postulate E (for cyclic order). If ABC, then CAB.
The following theorems may serve to bring out the contrast between the two theories. (From E, C, 9.) If A, B, C are three distinct elements, such that ABC; and if X, Y, Z are three other distinct elements, distinct from A, B, C and such that AXB, BYC, CZA; then XYZ. * Besides (1) betweenness and (2) cyclic order, both of which are expressed in terms of a triadic relation, there are two other important types of order, namely: (3) serial order (that is, the order of points along a straight line with a definite sense along the line), which is expressed in terms of a dyadic relation; and (4) separation of point pairs (that is, the order of points on a closed curve without distinction of sense around the curve), which is expressed in terms of a tetradic relation. Sets of completely independent postulates for serial order are well known (loc. cit.); similar sets for the separation of point pairs will form the subject of a later paper.
Theorem 201. Proof of 9 from A, E, B. To prove: ABC. X. D • ABX-XBC. By B, at least one of the six permutations of A, D, X will be true; hence, by A and E, all six will be true, so that ABX will be true. Similarly, XBC will be true. are impossible, so that at least ten of the 64 compartments will be empty (see the list in Table V below). This list shows that all the remaining 54 examples actually exist, so that the "existential theory" is complete. Rec.
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